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r . Abstract 

^1 . We introduce a higher dimensional Atkin-Lchner theory for Siegel-parahoric 

and Borel congruence subgroups of GSp{2g). Old Siegel forms are induced by 
geometric correspondences on Siegel moduli spaces which commute with almost 
2 ' all local Hecke algebras. Any satisfactory local definition of p-o\d Siegel forms 

which guarantees that, any new eigenform of almost all local Hecke algebras 
is an eigenform of all local Hecke algebras prime to the level, will imply that 
our correspondences introduce a geometric formulation for the notion of p-o\d 
^ ' Siegel forms inside all Siegel forms of Siegel parahoric level pn. We also prove 

04 . an injection result for Siegel modular forms in finite characteristics. 

m 

\Q ■ Introduction 

O' 

Tij" . Classicial Atkin-Lehner theory for GL{2) has two conceptual ingredients: Cassel- 

^^ I man's theory of local new-forms for GL{2) [Cas], together with strong multiplicity 

1-^ ' one for cuspidal automorphic representations of GL{2). The first ingredient is gener- 

ic ■ alized to GS'p(4)-case by R. Schmidt for square- free level [Sch]. But, at the moment 

there is no general local theory of new- forms is available for GSp{2g). Multiplicity 
^ I one fails to hold in higher GSp{2gys. Therefore, we regard all Siegel forms with 

the same Hecke eigenvalues as old Siegel-forms to be old forms again. This is what 
we have to do anyway, if we are interested in getting congruences between old and 
C^ I new forms. Despite this loss, Atkin-Lehner geometric theory can be generalized to 

Siegel-parahoric congruence subgroups of GSp{2g). 

In the first part of this paper, we use elements of the Weyl group of GSp{2g) 
to construct new congruence subgroups sandwiched between the Siegel-parahoric 
congruence group 

r^(n) = {7 G Sp{2g,Z)\j ^ | * * J , (mod n)} 

and the following congruence group 

r'^(n) = {7G Sp{2g, Z)\'y = diag{*, ...,*), {mod n)}. 
These groups are all defined in terms of the mod-n reduction of elements in Sp{2g, Z). 



X 



In the second part of the paper, we use these congruence subgroups to intro- 
duce geometric correspondences on Siegel moduli spaces with exphcit moduh inter- 
pretations. This allows one to extend them to a model over Z with some primes 
inverted. These correspondences induce an injection of a number of copies of Siegel 
modular forms with n-level structure inside the space of Siegel modular forms of 
Siegel-parahoric level pn. Since our correspondences commute with all g-Hecke cor- 
respondences for {q,pn) = 1, any satisfactory local definition of p-old Siegel forms 
will imply that our correspondences introduce a higher dimensional Atkin-Lehner 
theory for p-old Siegel forms of Siegel parahoric level pn. In a satisfactory local 
theory of new-forms any new eigenform of almost all local Hecke algebras should be 
an eigenform of all local Hecke algebras prime to the level. Also, eigenforms with 
eigenvalues repeated in lover levels should be considered as old-forms. 

In the final part, we prove an Ihara-type result by getting an injection result 
in positive characteristic in the case of Siegel spaces of genus > 2. Then using 
Ihara-type results, we get congruences between old-forms and new-forms. 

Notations 

The Chevalley group scheme GSp{2g) is defined as the set of matrices g G GL{2g) 
with ^gJg = X{g)J where X{g) G GL{1) and J = antidiag{Ig, —Ig) where Ig denotes 
the gxg identity matrix. The representation A is called the multiplier representation. 
Similar to above, we also use two by two matrices whose entries are gxg matrices to 
represent elements of GSp{2g). The symplectic group scheme Sp{2g) is defined to 
be the kernel of the multiplier representation, which is the space of transformations 
on the symplectic space T?^ with its standard alternating form: 

<, >: I?3 xl?3 ^Z < (n, v), (z, w) >^ u}w - v}z 

Let T = Gm denote the maximal torus in GSp{2g). An element of T is a diagonal 
matrix diag{ai, ..., ag, di, ..., dg) with aidi equal to the multiplier. Let M denote the 
subgroup of GSp{2g) which respects the standard decomposition 1?^ = Z^ © Z^. 
The subgroup M consists of diagonal elements in GSp{2g) in their two by two 
representation. These elements are of the form diag{A, D) with A}D = Xlg. The 
subgroup of Sp{2g, Z) which fixes only the first direct summand Z^ C Z^^ is denoted 
by U which is the space of all Z- valued bilinear symmetric forms. Elements of U 
are upper-triangular with Ig on diagonal entries and a symmetric matrix B on the 
upper right corner. The subgroup P = M >< f7 is a maximal parabolic subgroup 
whose elements are zero in the lower left gxg corner. This parabolic subgroup is 
also called the Siegel-parahoric subgroup. Fix the Borel subgroup contained in P 
consisting of the matrices with A, B, 0, D entries with A upper-triangular and D 
lower-triangular. Weyl groups of GSp{2g) and P with respect to the maximal torus 
T are denoted by Wq and Wp respectively. Wq = Sg x (±1)^ and Wp = Sg act on 
diagonal matrices diag{ai, ...,ag,di, ...,dg) by permutation or exchange of the Oj's 
and the (i,'s. 



1 Congruence subgroups of Sp{2g, 1j) 

A discrete subgroup F C Sp{2g,Q^) is called a congruence group, if it contains T^'^{n) 
for some positive integer n, where T (n) is the kernel of reduction map modulo n 
onSp{2g,Z): 

r'^{n) = {7 G Sp{2g,Z)\-/ = id e Sp{2g,Z/nZ) (mod n)}. 

r^(n) and T'^{n) are examples of congruence groups. The significance of congru- 
ence groups is that they carry arithmetic information. In this paper, we are only 
interested in congruence subgroups oi Sp{2g,7j). 

1.1 Parabolic congruence subgroups 

By the theory of Tits systems [Hum], every parabolic subgroup of GSp{2g) is conju- 
gate to a "standard" parabolic subgroup which contains B. Each standard parabolic 
subgroup Pi corresponds to one of the 2^~^^ subsets I d S where S" is a minimal 
generating set for the Weyl group Wq consisting of involutions pi which are elements 
of order 2. S can be taken as the set of simple reflections corresponding to the base 
of the root system determined by B. In fact, Pj = BWjB where Wi C Wq is the 
subgroup generated by elements in /. In particular, P^j^ = B and Ps = GSp{2g). 

By Bruhat decomposition theorem, GSp{2g) = UBaB is a decomposition to 
disjoint subsets where a runs in the Weyl group Wq- Two such double cosets 
coincide if and only if the middle Weyl elements coincide. One can assume that 
axioms of Tits systems are satisfied. Namely, 

(Tl) For p G S" and a e Wg we have pBa C BaB U BpaB. 

(T2) For p G S" we have pBp / B. 
An expression a = pi-.-Pk with pj G S" is called reduced if k is as small as possible, 
the minimal length /c of a reduced expression is denoted by i{(7). By convention, 
i{a) = if and only li a = id and i{a) = 1 if and only if o" G S*. Tits axioms 
imply that for p G 5 we have (-{pcf) = ^(o") it 1. This implies that for the reduced 
form (T = pi...pk and / = {pi, ...,pk}, the parabolic subgroup Pj is generated B and 
aBa^^ or by B and a. Given a choice of a Borel subgroup S is precisely the set of 
elements in Wq such that B U BaB is a group. Pj is conjugate to Pj implies that 
Pj = Pj and Pi C Pj imphes that I C J. 

We define a parabolic congruence subgroup T^'{n) C Sp{2g,'Z) to be the set of 
elements which reduce to Pi modulo n: 

r^i{n) = {7 G Sp{2g,Z)\-/ e Pi C GSp{2g,Z/nZ) (mod n)}. 

1.2 A nested family of congruence subgroups 

Fix a generating set S for Wg consisting of g — 1 pairs in Sg C Wg and a nonzero ele- 
ment in (±1)^. Now, there exists a generating set wi, .■■,'Wg for the weyl group such 
that Wi have increasing length if represented in reduced form in term of involutions 
in S. 
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Assume that Wk+i = phW^iov all k where pk is an involution. Also assume 
wi,...,Wg-i generate Sg. We have T ^s-i(n) = r^(n) where P is the maximal 
parabolic we fixed in notations. The fact that B together with /^ = {wi, ...,Wk} can 
not generate any oiwk+i,---,Wg implies that each P/^ has exactly j^jppj^s conjugates 

of the form aPj^a^^ for a in Wq- To these we associate tttttt^^ parabolic congru- 
ence subgroups of the form err 'k {n)a^^ for a in Wq- In particular, F (n) has g\2^ 
conjugates in Sp{2g, Z) and each T '^ [n) has /c + 2 conjugates in F ^'=+1 (n). 

We have made a nested family of parabolic congruence groups contained in the 
maximal parabolic congruence group F (n) consisting of levels to gr — 1. The /c-th 
level is formed by tjjxjttS^ congruence groups. Each group in level k contains k + 1 
groups in level k — 1 for k = 1 to g — 1. There are 2^ congruence groups in level 
g — 1 and the congruence groups in level are the gl2^ conjugates by elements in 
Wg of F (p) which are lying inside Sp{2g,'Z). 

2 Higher Atkin-Lehner theory 

The Atkin-Lehner involution can be easily generalized from GL{2) to the higher 
dimensional case GSp{2g). This generalization involves Siegel-parahoric and Borel 
congruence groups. On the other hand, local considerations show that p-oid Siegel 
modular forms with respect to the Siegel-parahoric or Borel congruence groups of 
level pn contain several copies of Siegel forms of level n. This implies that a single 
Atkin-Lehner involution would not do the job of geometrically generating the p- 
old part. In this section we intend to introduce geometric correspondences which 
complement the role of Atkin-Lehner involution. 

2.1 Siegel moduli spaces 

A general reference for the arithmetic of Siegel moduli spaces is [Fal-Cha]. Let Ag de- 
note the moduli stack of principally polarized abelian schemes of relative dimension 
g. By a symplectic principal level-n structure, we mean a symplectic isomorphism 
a : A[n] — > (Z/nZ)^^, where (Z/nZ)^^ is equipped with the standard non-degenerate 
skew-symmetric pairing. 

Let Cn denote an n-th root of unity for n > 3. The moduli scheme classify- 
ing the principally polarized abelian schemes over 5'pec(Z[C„, 1/n]) together with a 
symplectic principal level-n structure is a scheme over Spec{'L[C,n^ I/'^]) ^^^d ^^ be 
denoted by Ag{n). The symplectic group Sp{2g,Z/nZ) acts on Ag{n) as a group 
of symmetries by acting on level structures. We will recognize these moduli spaces 
and their etale quotients under the action of subgroups of Sp{2g, Z/nZ) as Siegel 
spaces. 

A F^(n)-level structure of type I on {A, A) is choice of a subgroup H C A[n] of 
order n^ which is totally isotropic with respect to the Weil pairing induced by A. A 
F^(n)-level structure of type II on {A, A) is choice of a principally polarized isogeny 
{Ai,Xi) -^ (^2)^2) of degree n^. By a principally polarized isogeny, we mean an 
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isogeny a : A\ ^ A2 such that o" o A2 o o"* o A|f is multiphcation by an integer. For 
n > 3 type I and type II r-^(n)-level structures induce isomorphic moduh schemes 
over S'pec(Z[l/n]) [DJ]. We denote this moduh scheme by J^{n). There exists a 
natural involution 

taking (cr : (^i,Ai) -^ {A2,\2)) to (cr* : (^2,(A2)"^) -^ {Ai,{\\)-'^)) which we call 
the Atkin-Lehner involution. 

A r^(n)-level structure of type I on {A, A) is choice of g subgroups Hi C A[n] of 
order n* with Hi C ... C Hg where Hg is totally isotropic. A r^(n)-level structure 
of type II on {A, A) is choice of a chain of g isogenies {Aq, Aq) -^ ■■■ —>■ {Ag, Xg) each 
of degree n which satisfy n.idAi = a* o Aq" o (q;*)^' o A^ o a^'^* for all i = 1, ...,g. 
In case n > 3 type I and type II r-^(n)-level structures induce isomorphic moduli 
schemes over Spec{'L[l/n]) [DJ]. We denote this moduli scheme by Aq{n). There 
also exists a natural involution 

w^ : ^^(n) ^ ^f (n) 

taking ((^o,Ao) ^ ... ^ {Ag,\g)) to {{Ag^iX^)-^) ^ ... ^ (Aq, (A*)-i)) which 
commutes with the Atkin-Lehner involution under the natural projection between 
the Siegel spaces. 

AB{n) ^ A^{n) 

i i 

A^in) ^ A^in) 

A r'^(n)-level structure on {A, A) is choice of 2g subgroups Hi C A[n\ for i = 1 to 
2g, each isomorphic to (Z/nZ) such that Hi®...®Hg and Hgj^i®...®H2g are totally 
isotropic subgroups of order n^ which do not intersect with Hi © -ff^+j hyperbolic for 
i = 1 to 5. For A and A' abelian schemes over the schemes S and S' respectively, 
we define a morphism from {S, A, X,Hi, ..., H2g) to {S' , A' , X' , H[, ..., Hl^g) to be a 
pair of morphisms {f,g) where f : S ^ S' and g : A ^ A' satisfy 5* (A') = A 
and g{Hi) = H'- for all 1 < i < 2g. Also we want the pair {f,g) to induce an 
isomorphism A ~ S Xs' A'. Having these morphisms defined, we have formed a 
category Aj(n). The functor vr : Aj(n) -^ Sch defined by tt{S, A, A, Hi, ..., H2g) = 
S makes A^(n) into a stack in groupoids over S. The 1-morphism of stacks vr' : 
-^J(") ~^ ^g defined by 7r'{S,A,X,Hi,...,H2g) = {S,A,X) is representable and is 
a proper surjective morphism. For n > 3 we get a separated scheme of finite type 
A]i{n) which is smooth over S'pec(Z[l/n]). 

Let Mg denote the Siegel upper half-space, which consists of the set of complex 
symmetric gx g matrices Q with 9(r2) positive definite. As a complex analytic stack 
Ag/c is the quotient of Siegel upper half-space Mg by the action of Sp{2g,7j) via 
Mobius transformations. The family of principally polarized abelian varieties over 
Mg is given by A{i^) = C^/(Z^ © Q.Z^). To any congruence subgroup F C Sp{2g, Z) 
one can associate the quotient F\]HIg which is a Siegel moduli-space with some extra 
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level structure. The corresponding level structure can be made explicit. Indeed, 
T^'^{n)\Mg corresponds to Ag{n) ,^ whose quotient under the action of the symplectic 

group Sp{2g ,2, / nL) is ^^/c- Any congruence subgroup P'^(n) C F C Sp{2g,'L) 
corresponds to the quotient of ^^(n) ,^ under the action of the finite group r/r*'^(n). 
This helps to associate explicit level structures to the space r\]HIg which makes it a 
moduli space. 



2.2 The r^^(p)-level structure 



1T/^N,_ _j aT,Pi 



Let p be a prime not dividing the positive integer n and let Ag {p)/c and Ag ' {p, n)/c 
denote the Siegel spaces associated to congruence groups F (p) and T ' {p,n) = 
F^(j») nF-^(n), respectively. The group F^(p) remains invariant under conjugation 
by elements in (±1)» C Wg. So (±1)» acts on Aj{p)/c and A^'^{p,n)/c by 2» 

involutions. Let Ag ''{p)/c and Ag ''' {p,n)/c denote the Siegel spaces associated 
to the congruence groups F ^fc(p) and F 'k' {p,n) = F 'k{p) n F-^(n) respectively. 
We have a chain of etale maps 

Af^''ip,n) ^ ... ^ Ag"''''ip,n) -. Ag'''+"''ip,n) ^ ... ^ A^ipn). 

Since each congruence group F ^fe+i (p) on the (A;+l)-th level contains k+2 conjugates 

(by Weyl elements) of F 'k (p) on the fc-th level, we expect that for each k we get 

Pi ,P Pi ,P 

k + 2 copies of forms on Ag '''^'^ {p,n) injecting in forms on Ag *' {p,n). We will 

use the geometry of Ag ' {p, n) to give a geometric construction of these k + 2 copies. 

In order to simplify the notations, let us forget the F-^(n)-level structure which 

is auxiliary. We get a chain of etale maps 

A^{p) - ... - A^'^ {p) - ^^+^ {p) - ... - A^gip) 
which corresponds to a chain of congruence groups 

T^{p) ^ ... ^ T^'k (p) ^ T^'k+i (p) ^ ... ^ r^(p). 

Each F 'k (p) maps to F ^'=+1 (p) hy k + 1 maps: natural inclusion and conjugation by 
representatives ak+i G Wk\Wk+i followed by inclusion, where Wk is the subgroup 
of the Weyl group generated by wi, ...,Wk- Inclusion induces the natural projection 

map TTpj ^Pj : Ag ^{p) -^ Ag ''^^{p). Conjugation by cJfc+i induces an inclusion 

ak+iT'''^{p)<yll^ = T'''^+^'''k<.{p) ^ r^^fe+i(p). 
This inclusion corresponds to another projection from a different moduli-space 



2.2 The T^' (p) -level structure 



l-P/i./ N ■,, A'^k + lPlf.CTkll 



Conjugation by ak+i identifies Ag ^ {p) with Ag ^ ^^''{p)- The moduli-space 
AJ{p) is the appropriate moduU space to geometrically realize all the endomorphisms 

induced by conjugation via elements a in the Weyl group Wq- In fact, the following 
diagrams are commutative 

A^ip) ^ A^{p) 

i i 

i i 

Apip) ^ Af'^^-\p) 

Definition We say that two points x and y on Ag'' {p,n) are a-connected, for an 
element a in the Weyl group, if there exists a chain of points x = xi, ...,xt = y on 
Ag'' {p,n) such that for each i there are points x'- and x[j^-^ on Ag' {p,n) mapping 
to Xi and Xj4_i respectively, with Xj+i = Vp{xi) where 

v;:A]^'^{p,n)^A^'^{p,n) 

is the endomorphism induced by the action of a on p-level structure. 

Pi P Pi ^P 

Proposition 2.1 Every fiber of the map vr^ : Ag ^' {p,n) -^ Ag '''^^ {p,n) is an 

equivalence class of pk+i- connected points. 

Proof. The n-level structure is auxiliary. Let a; be a point on the Siegel upper 
half-plane H^ and let [x]^ denote the equivalence class containing x defined by left 
quotient of the Siegel upper space by r'^(p). We have cr.[yY = ['^■yV ■ The group 
r ^'=+1 {p) is generated T 'k {p) and pk+i- So every element in F ^^+1 (p) can be writ- 
ten as a product of elements of the form ^ipk+i with 7i G F 'k [p). Define the equiv- 
alence class \x\ 'k similarly. The classes [x] 'k and [ypk+i-x] 'k are p^+i-connected. 
So the equivalence class [x] 'k+i is obtained by joining the p^+i-connected points. D 

Definition For a subset W C Wg, we say that two points x and y on Ag'' {p,n) 
are W -connected, if there exists a chain of points x = xi,...,xt = y on Ag'' {p,n), 
such that for each i, Xi and Xj+i are a-connected for some a £ W. 

Proposition 2.2 Every fiber of the map Ag' {p,n) — > Ag ''' {p,n) is an equiva- 
lence class of Wk-connected points. 

Proposition 2.3 Every fiber of the map Ag{pn) — > Ag{n) is an equivalence class 
of a-connected points for some nonzero representative a ofWp\WG- 

Proof. The Bruhat-Tits decomposition modulo p implies that the congruence 
groups F (p) and aT {p)a^^ generate Sp(2g,'Z). This is a consequence of the 
fact that any two conjugates of a maximal parabolic subgroup over Fp generate the 
whole algebraic group GSp{2g,¥p). D 
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2.3 jo-old Siegel modular forms on Ag{p) 

Let Bg{n) denote the universal abelian variety over Ag{n). The Hodge bundle u; is 
defined to be the pull back via the zero section zq : Ag (n) -^ Bg (n) of the line bundle 
A^^^Og (n)/A (n)- The Hodge bundle is an ample invertible sheaf on Ag{n). Let R 
be a Z[l/n]-niodule. By a r-^(n)-Siegel modular form of weight k with coefficients 
in R, we mean an element in H^{Aq{n)/R,uj®^ / R). The same notation is used for 
other congruence subgroups, but in this paper we focus on Siegel modular forms with 
respect to Siegel parahoric congruence subgroup P and Borel congruence subgroup 
B. 

If we pull back the Hodge bundle uj to the Siegel upper half-space, the pull 
back is canonically isomorphic to Oug (^c A^(C^). A complex modular form of 
weight k becomes an expression of the form f{Q).{dzi A ... A dzg)® where / is 
an r^(n)-invariant complex holomorphic function on H^ which is holomorphic at 
oo. For genus > 2 the condition, holomorphic at infinity, is automatically satisfied 
by Koecher principle. Trivializing lo on H^, complex modular forms of weight k are 
identified with holomorphic functions f{^) on H^, satisfying the transformation rule 
/IWfc ~ / fo^ ^^ 7 ^ r^(n) where 

Let / be a prime not dividing pn. To any Siegel modular form / of weight 
k and level n, one associates an irreducible admissible representation vr = (^ vr^ 
of GSp{2g,Af) over Q/ [Ca]. This association is not unique, but we use it as a 
motivation to understand the notion of j*-old form. Let U denote the open subgroup 
of GSp{2g,Af) associated to the congruence group r^(n). If {p,n) = 1 and vr^ ^ 0, 
then TTp is spherical, and it is the unique irreducible subquotient of some unramified 
principal series representation vr^ with respect to Borel subgroup B{Qp). One can 
show that 7T^ y ' p> [g one-dimensional. So the number of copies of modular forms 
with respect to T (n) inside modular forms with respect to T (pn) is equal to the 

dimension of tt^ . The mi 
the following decomposition 



dimension oi tt^ . The mod-p Bruhat-Tits decomposition implies that, we have 



GSpi2g,Qp)= H i?(Qp)ar^(p). 

ae{Z/2Z)9cWg 

So to specify f £ tt^ it is enough to specify it on elements a G (Z/2Z)^. Because 
Wp ~ Sg and the subgroup (Z/2Z)^ C Wq is a complete set of representatives 
for Wp\Wg- Therefore, the space of p-old forms on Ag{pn) consists of 2^ copies of 

forms on Ag{n). The vector space tt^ has a basis consisting of functions /i, ..., /29 
where /« is supported on B{Qp)aiT (p) and fi{(Ji) = 1. The group of involutions 
(Z/2Z)^ C Wg acts on the space of p-old forms by f{z) >-^ f"{z) '■= /(o".z) for 
a G (Z/2Z)3. 



2.4 Atkin-Lehner correspondences 



Similar considerations show that we expect gl2^ copies of forms on A^{n) inside 
the space of p-old forms on Ag' {p,n). Following Atkin-Lehner theory, we need a 
geometric characterization of the space of p-old forms. 

2.4 Atkin-Lehner correspondences 

Let TTrp p : A'^ip) -^ Ag' (p) and Tip p : Ag' (p) -^ Ag'{p) denote the natural pro- 
jection maps induced by inclusions of the corresponding congruence groups. Pulling 
back forms from level n to level np using the natural projection map 

TTn :Af'^{p,n) ^A^{n) 

induces the first copy of p-old forms in H^{Ag' {p,n),U}® ). For simplicity, let us 
forget the auxiliary level structure and consider the projection 

TTi:A'^{p)^Ag 

and p-old forms in H^ [Ag {p) , uj ) . At first glance, it seems that geometric corre- 
spondences of the form Dp{p) = t^j' b*'^p*^t B should induce more copies of p-old 
Siegel forms on Ag{p) out of the pull-back copy. 

A^ip) ^ A^gip) 

A^{p) A^{p) 

But ttt,b°t^i commutes with v^ for all a G Wq- Therefore, correspondences of above 
type generate the same copy as the pull back copy. To disturb the symmetry of the 
picture, we use Atkin-Lehner involution. 7rT,B°Wp otti no longer commutes with Vp 
and we can hope that correspondences of the form Cp{p) = t^t b*'^p*'^t b'^p* could 
generate more copies of p-old forms. 

A^{p) ^ A^{p) 



A^ip) A^ip) ^ A^ip) 



To generate p-old forms in H^{A^{p),u}®^) we should use ^12^ correspondences 
C'pip) for a £ Wg- 

Main Theorem 2.4 The linear subspaces ofH^{Ag ' (p, n), w® ) generated by Atkin- 
Lehner correspondences C^(p)7r* where C'^{p) is defined by t^x b*'^p*^t b'^p* 

Ag' {p,n) -^ Ag' {p,n) 
I I 

Ag' {p,n) Ag' {p,n) -^ Ag' {p, u) 
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for a varying in Wq give g\2^ linearly independent copies of H^ {Ag (n) , io^ ) inside 
p-old forms of level pn living on Ag ' (p, n). 

The corresponding theorem for H^ (A^ (p) , uj^^) can also be proved. However, 
in order to generate p-old forms in H^ {Ag (p) , co^^) we should divide the space of 
p-old forms on Af{p) by the action of {Z/2Z)'^9 ^ Wg- 

Main theorem is proved in a few stages. In the first stage, we prove that Atkin- 
Lehner involution induces a second copy of level-n forms inside p-old part of level- np 
forms which has trivial intersection with the pull-back copy. 



Pl<P(rn rn\ ,.,«lk\ „„J„,,B*„* _ IjOf AP''P('n 'n\ ,,,®fc^ 



Proposition 2.5 TT%p^H°{Ay'^{p,n),uj^'') and w^*7r%p^H'^{Ag''^{p,n), 
subspaces of H^{Ag' {p,n),uj® ) have trivial intersection. 



as 



Proof. Let / and g be nonzero Siegel modular forms in tt^ p H^{Ag'' {p,n),u>®^) 
with Wp f = g. Since Wp is an involution, f ^ g are eigenforms of Wp* and the 
proposition follows from the following 

Lemma 2.6 Any Siegel form which is eigenform of w^* on Ag ' (p, n) and also 
pull back of a Siegel form on Ag'' {p,n) vanishes if Pj $ B. 

Proof. The zero locus of such an eigenform is pull back of the zero locus of a 
form living on Ag'' (p, n) and also ttJ^* -invariant. This contradicts density of Hecke 
orbit. D 

In the second stage, we show that Atkin-Lehner correspondences induce g\2^ 
non-intersecting copies of level-n forms inside p-old part of level-np forms. 

Lemma 2.7 Let Dp{p) = t^t b,'^v*^t B where ttj, ^ : Ag' {p,n) -^ Ag' {p,n) is 
the natural projection. Then, for a, a' £ Wq the correspondences Df^(p)Df^(p) and 
^W (p) o-cting on any linear subspace of H^{Ag' (p, n),u;®^) generate the same 
image subspaces. 

Proof. For simplicity, let us forget the auxiliary n-level structure. Then, lemma 
follows from commutativity of the following diagram 



Af^-'-''^-\p) ^ Ai^-'-\p) ^ <(p) 



and, Vp oVp = Vp'^ and o o a' = ao' hold for a, a' € VFc-D 

Proposition 2.8 Every two linear subspaces of H^{Ag' (p, n),u;® ) generated by 
correspondences C^(p)7r* acting on H^{A^{n),uj®^) for a G Wg have trivial inter- 
section. 
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Proof. By the previous lemma, it is enough to show that the hnear subspaces 
generated by correspondences tTj, ^^v^*!:^ b'^p*'^i ^^'^ ^^*^i have such intersection. 
Suppose T^T B,'^p*''^T sf ~ 9 ^^^ nonzero Siegel modular forms on Ag{p) which are 
elements of w^* tt^H^ {A^ {n) , uj®^) . Let d = deg{iTj, ^). Then df ± g are eigenforms 
of T^T Bt^p*'^T B ■^ith eigenvalue ±d. Now, the truth of proposition is a consequence 
of the first stage and the following 

Lemma 2.9 Any nonzero Siegel modular form on Ag ' (p, n) which is an eigenform 
of TTrp B^Vp*7r^ Q for a non-zero a in Wq is pull back of a Siegel form on Ag ' (p, n) 
where P' is the parabolic subgroup generated by B and aBa^^. 

Proof. This is a consequence of propositions 2.2 and 2.3. D 

In the final stage we show that the above-mentioned g\2^ copies of level-n Siegel 
forms inside the space of Siegel forms of level pn are indeed p-old forms of level-pn 
and they are linearly independent. 

Proposition 2.10 The Atkin-Lehner correspondences Cq{p)tt*^ commute with all 
Hecke correspondences which generate the local Hecke algebras Hq for q relatively 
prime to pn. 

Proof. The action of Atkin-Lehner correspondences can be interpreted in terms of 
the p-torsion of abelian varieties representing points of the moduli-space. By geo- 
metric base-change one can see that such an action commutes with those interpreted 
in terms of the (/-torsion points. □ 

Proof of the main theorem. The g\2^ copies of level-n Siegel forms induced by 
Atkin-Lehner correspondences are contained in the space of p-old forms by previ- 
ous proposition. Recall that in this paper Siegel modular forms with eigenvalues 
repeated from lover levels are considered to be old. The space of Siegel forms on 
Ag ' (p, n) is finite-dimensional and has a basis of all prime to pn Hecke eigenforms. 
So is the case for any of the g\2^ Atkin-Lehner copies, by previous proposition. Fix 
a basis for the space of Siegel forms of level pn whose elements are eigenforms of 
all prime to pn local Hecke algebras. Suppose the g\2^ Atkin-Lehner copies are 
linearly dependent. It means that a non-zero eigenform / of all prime to pn local 
Hecke algebras is generated by some basis elements of the Atkin-Lehner copies which 
have the same eigenvalues. Consider the vector space V of all Siegel forms with the 
same Hecke eigenvalues / and consider the g\2^ Atkin-Lehner copies in it. V is 
invariant under the action of all the g\2^ correspondences D^{p) = T^qp ^ ''^p*'^t B ^^^ 
o € IVg) because these correspondences commute with the Atkin-Lehner copies. By 
this symmetry, df -\- TTrp p Vp*Tr^pf is also a Hecke eigenform in V with the same 
Hecke eigenvalues as /. There exists a o" G Wg which gives a nonzero Siegel form 
df + T^T B^,"^!)* "^T B f generated by the Atkin-Lehner copies. But such a vector is a 
Siegel form which can be pulled back from a lower Siegel space by proposition 2.3. 
This contradicts linear dependency. □ 

Having constructed the Atkin-Lehner copies of p-old forms on Ag ' {p, n) one 
can get the 2^ copies of p-old forms on Ag{pn) by pushing forward all the g\2^ p-old 
copies down to Ag{pn). 
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Theorem 2.11 The linear subspaces of H^{Aq{pn),u>® ) generated by Atkin-Lehner 
correspondences Cp{p)'K*^ for a varying in Wq where Cp{p) is defined by 

where the sum ranges over f] (z Sg C Wq give 2^ linearly independent copies of 
H^ {Ag (n) , u!^^) inside p- old forms of level pn living on Ag{pn). 

Proof. This is a direct consequence of the main theorem and proposition 2.2. D 

3 Congruences between old and new forms 

We expect that the 2^ geometric correspondences we introduced, generate the whole 
space of p-old forms. But we can't prove it, since, neither we have a multiphcity one 
result available for Siegel modular forms, nor we have any general local theory of old 
forms developed for higher GSp{2g). What we can do is to find congruences between 
the vector space generated by the Atkin-Lehner copies (which we artificially call "the 
space of p-old forms" ) and its orthogonal complement with respect to Weil-Peterson 
pairing ("new forms"). For this purpose we need an Ihara type result. 

3.1 Ihara type result 

Let us discuss models of the Siegel moduli spaces and Atkin-Lehner correspondences 
over Z[l/pn]. ^^ (pn) and Ag{pn) have natural models over Z[l/|?n]. Let T(Z/nZ) 
denote the diagonal subgroup of Sp{2g, Z/nZ). The quotient Sp{2g, Z/nZ)/T(Z/nZ) 
acts on Ag{pn) by acting on the n-level structures. The quotient T (n)/r (n) is 
a subgroup of 5p(2(7, Z/nZ)/r(Z/nZ). We can think of Ag' {p,n) as equivariant 
etale quotient of Aj{pn) under the action of r^(n)/r-^(n). This action is defined 
over Z[l/pn]. Therefore Ag' {p,n) also has a natural model over Z[l/pn]. Involu- 
tions Vp which are defined in terms of the p-torsions of the universal variety can be 
extended to involutions of Ag' {p,n) over Z[l/pn]. This way we get a model for all 
Atkin-Lehner correspondences over Z[l/pn]. 

Let 5" be a scheme over ¥q, and A ^ S he a. semi-abelian scheme over S. Frobe- 
nius morphism induces a homomorphism Fr* : e*Q]^,g —^ {e*Q,]^,gp'^\ where e is 

the zero section and {e*Q.]^,^p'^' is the same as e*^^,g, except that the underlying 
O^-module structure is combined with Frobenius. Therefore we get a homomor- 
phism det{Fr*) : ua/s ^ ^T/S' ^mce det(e*fi\/5^^^) = det{e*n\ig)®'>, over F^ this 
morphism corresponds to a section h of uj®^'^^^' . The section h is called the Hasse 
invariant. 

Theorem 3.1 Let q < k + 1 be a prime number not dividing pn[r (p) : r'^{p)]. The 
linear subspaces of H^ {A^ (pn) /f ,uj^^) generated by Atkin-Lehner correspondences 
Cp(p)7r* for a varying in (Z/2Z)^^ C Wq give 2^ linearly independent copies of 

H'{A^{n)/^^,co^'^). 



Proof. The three stages in the proof of main theorem work hne by hne because 
everything can be interpreted in terms of the torsions of the representing abehan 
varieties. One only misses the local Hecke algebra Hq. The following lemma needs 
more consideration. 

Lemma 3.2 Let q he a prime number not dividing pn[T^ (p) : r'^{p)] where q — l f k. 
Any section of the Hodge bundle oj®^ which is an eigenform, ofWp* on Ag ' {p, n),f 

and also pull back of a form on Ag'' {p, n),f vanishes if Pj ^ B. 

Proof. We follow the idea of G. Pappas [Pa] to reduce this step to proving density 
of a Hecke orbit of the type discussed in [Ch] . The idea of using density results to 
get cokernel torsion-freeness results first appeared in [Di-Ta]. Let g be as such. The 
zero locus of g is ty^* -invariant. This contradicts density of the Hecke orbit of an 
ordinary point in the moduli space if the zero locus contain an ordinary point. 

Now we show that if g vanishes only on non-ordinary points, then k = m{q — 1). 
There exists an embedding of P^(F|j) in Ag ' (p, n) m such that the restriction of uj 
to the embedded P^(Fg) is 0{q — 1) (Look at [MB]). Therefore the tensor powers 
of the Hodge bundle are non-trivial. Let S d Ag' {p, n)/^ and S C Ag' *{p, n) * 
denote the subschemes defined by /i = on the Siegel moduli space and its minimal 
compactification. The subscheme S is codimension one, because it does not contain 
any component of the boundary. Also S is the reduced Zariski closure of S [Ko]. S 
is geometrically irreducible [Oo] and so is S. If g vanishes only on points of S then 
for some positive integer m we have g/h"^ is a global nonzero section oi uj'^^~"^^'^~^' . 
Existence of a nowhere vanishing modular form of nonzero weight k—m{q—l) implies 
triviality of (j®*:-'"!'?-!) and hence triviality of 0{k — m{q — 1)) on the embedded 
P-'^(F5). So we get k = m{q - 1) and g = A/i™ for some A G Fg.D 

The above Ihara result can be used to obtain congruences between Siegel modular 
forms. The idea of using Ihara lemma to get congruences is due to Ribet [Ri]. We 
leave calculation of the congruence kernel to elsewhere. 
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